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Abstract For any positive integer n, let dm(n) denote the m-th power residue of n. In 
this paper, we use the elementary method to study the asymptotic properties of 
log (am (n!)), and give an interesting asymptotic formula for it. 
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81. Introduction 


Let m > 2 bea fixed integer. For any positive integer n, we define a(n) as 


the m-th power residue of n (See reference [1]). That is, if n = p{'p5? ---p? 
denotes the factorization of n into prime powers, then a,,,(n) = p? : pe? » 2 pBr, 


where (3; = min(a;,m — 1). Let p be a prime, and for any real number x > 1, 


O(a) = S- log p denotes the Chebyshev’s function of x. In this paper, we will 
psx 

use the elementary methods to study the asymptotic properties of log (a;,(n!)), 

and give an interesting asymptotic formula for it. That is, we shall prove the 

following conclusion: 


Theorem. Let m > 1 be a fixed positive integer. Then for any positive 
integer n, we have the asymptotic formula: 


eri Alogs 

log (am (n!)) =n & *| +O [eso (ee) ; 
a=1 

where A is a fixed positive constant. 


§2. Proof of the theorem 


Before the proof of Theorem, a lemma will be useful. 
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Lemma. Let p be a prime. Then for any real number x > 2, we have the 
asymptotic formula: 


3 
Oz) =xr+0O [«esn (—Aee"= ; 
(log log x) 5 


where A is a positive constant. 

Proof. See reference [2] or [3]. 

Now we use this Lemma to complete the proof of Theorem. In fact, let 
n = pips? ---p%* denotes the factorization of n into prime powers. Suppose 
that m <n, if (m—1)p < n < mp, then p™! || n!. From the definition of 


Am(n), we can write 


II » Il ae el hoe 


F<PSn  F<pS5 a <PS PST 


log(am(n!)) 


Then, combining Lemma, we can get the asymptotic formula: 


—Alogs 

log(am(n!)) = ne ptt Oy 0 (new (- og® —Aee a) 
2 net (log log n) 

3 


( 1 1 ( ( ae) 
= ni{1l4 frre 4 + O| nexp 
2 m—1 (log log n)5 


m—1 3 
1 —Alogs 
“(3 *) +0 (new (Ae =)). 
ei (log log n)5 


This completes the proof of Theorem. 
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